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Abstract 

For proper minimizers of parabolic variational integrals with linear 
growth with respect to \Du\, we establish a necessary and sufficient con¬ 
dition for u to be continuous at a point (xo, to), in terms of a sufficient fast 
decay of the total variation of u about {xo,to) (see (1.4) below). These 
minimizers arise also as proper solutions to the parabolic 1-laplacian equa¬ 
tion. Hence, the continuity condition continues to hold for such solutions 
(§ 0 . 
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1 Introduction 


Let E be an open subset of and denote by BV{E) the space of functions 
V G L^{E) with finite total variation 

\\Dv\\{E) := sup <{Dv,(p)=— / udiv dx j- < oo. 

|¥>I<1 

Here Dv = {Div,..., D^v) is the vector valued Radon measure, represent¬ 
ing the distributional gradient of v. A function v G BV\oc{E) if ?; G BV{E') 
for all open sets E' C E. For T > 0, let Ex = E x (0,T), and denote by 
L^(0,T; BV(E)) the collection of all maps v : [0,r] — BV(E) such that 

vGL\Et), \\Dv{t)\\{E)GL\Q,T), 


and the maps 

(0,r) 9 t {Dv{t),ip) 

are measurable with respect to the Lebesgue measure in M, for all ip G \Cl{E)\^. 

A function u G BViodE)) is a local parabolic minimizer of the 

total variation flow in Ex, if 



-uptdx + \\Du{t)\\{E) 


dt < 


f \\D{u + <f){t)\\{E)dt 
Jo 


( 1 . 1 ) 


for all non-negative p G C'd^{Ex)- The notion has been introduced in [5]. It is a 
parabolic version of the elliptic local minima of total variation flow as introduced 

in [TU] , 


1.1 The Main Result 

Let Bp(xo) denote the ball of radius p about Xo- If Xo = 0, write Bp(xo) = Bp. 
Introduce the cylinders Qp{9) = BpX {—Op, 0], where d is a positive parameter to 
be chosen as needed. If 0 = I we write Qp{0 = Qp- Tor a point (xo, to) G 
we let [(xo,to) + Qp{0)\ be the cylinder of “vertex” at (xo,to) and congruent to 
Qp{0'): i.G., 

[(Xo, to) + Qp{d)] = Bp{Xo) X {to - Op, to], 

and we let p > 0 be so small that [(xo, to) + Qp{0)\ C Ex- 

Theorem 1.1 Let u G L\^^{Q ,T■, BV\oc{E)') be a local parabolic minimizer of 
the total variation flow in Ex, satisfying in addition 

uGLZ{Ex) and Ut G LI^Ex). (1-2) 

Then, u is continuous at some {xo,to) G Ex, if and only if 

pto 

\imsup-r-— ||Zlu(-,t)||(Bp(xo))dt = 0. (1.3) 

p\o \tLp\ Jto—p 
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For stationary, elliptic minimizers, condition (11.31) has been introduced in m- 
The stationary version of dOD implies that u is quasi-continuous at Xo- For 
time-dependent minimizers, however, dESl) gives no information on the possible 
quasi-continuity of u at {xo,to). Condition (IE3, is only a measure-theoretical 
restriction on the speed at which a possible discontinuity may develop at {Xo, to)- 
For this reason our proof is entirely different than cni, being based instead 
on a DeGiorgi-type iteration technique that exploits precisely such a measure- 
theoretical information. 


2 Comments on Boundedness and Continuity 

The theorem requires that u is locally bounded and that Ut € L\oc{Et)- In 
the elliptic case, local minimizers of the total gradient flow in E, are locally 
bounded (' |10l § 2]). This is not the case, in general, for parabolic minimizers in 
Et, even if ut G C^^{0,T] Ll^^{E)). Consider the function 

- 1 

Bi X (—oo, 1) 9 (x, t) —>• F{\x\,t) = (1 — t) —--—, for TV > 3. 

fI 

Denote by DaE that component of the measure DE which is absolutely contin¬ 
uous with respect to the Lebesgue measure in One verifies that DE = DaE 
and \\DF{t)\\{Bi) = \\DaF{t)\\i^Bi- By direct computation 

for all if G X (0,T)), 0 < T < 1. From this 

which yields 

/ / (-Fipt + \DaF\)dxdt < j f \Da{F - ip)\dxdt. 

Thus F’ is a local, unbounded, parabolic minimizer of the total variation flow. 
The requirement u G Lf^aiEr) could be replaced by asking that u G LloiEr) 
for some r > N. A discussion on this issue is provided in Appendix iBl 

2.1 On the Modulus of Continuity 

While Theorem 11.11 gives a necessary and sufficient condition for continuity at 
a given point, it provides no information on the modulus of continuity of u at 
{xo,to)- Consider the two time-independent functions in Bp x (0,oo), for some 
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p<l: 


Ui{xi,X2) = 


U2{xi,X2) = 



for si > 0 

Inxi 


0 

for xi = 0 

1 

for ii < 0 

ln(-a;i) 


( \/^ 

for xi > 0; 

[ 

for xi < 0. 


Both are stationary parabolic minimizers of the total variation flow in the sense 
of (I1.1D - (I1.2L over Bi x (0,oo). We establish this for mi, the analogous state¬ 
ment for U 2 being analogous. Since ui € and is time-independent, 

one also has u G L^(0,T; BV(Bp)). To verify (II.IL one needs to show that 


llBu,ll(Bp) < ^ llB(u, +^)(;t)ll(Bp)dt (*) 

for all T > 0, and all ip G C^{Bp x (0,T)). Let denote the fc-dimensional 

Hausdorff measure of a Borel set A C One checks that T-l^{[Dui = 0]) = 0 
and there exists a closed set K C Bp, such that = 0 and 



Dui 

\Dui\ 


■ Dip dx = 0, 


for all ip G C^{Bp — K). 


From this, by Lemma 4 of [U § 8], for all "0 G C^{Bp), one has 


\\Du^\\{Bp)<\\D{u,+^mBp), 


which, in turn, yields (*). The two functions ui and U 2 can be regarded as 
equibounded near the origin. They both satisfy (IE3, and exhibit quite different 
moduli of continuity at the origin. This occurrence is in line with a remark of 
Evans ([S])- A sufficiently smooth minimizer of the elliptic functional ||Z?u||(i5) 
is a function whose level sets are surfaces of zero mean curvature. Thus, if u is 
a minimizer, so is ip{u) for all continuous monotone functions ip{-). This implies 
that a modulus of continuity cannot be identified solely in terms of an upper 
bound of u. 


3 Singular Parabolic DeGiorgi Classes 

Let C{Qp{9)') denote the class of all non-negative, piecewise smooth, cutoff func¬ 
tions C defined in Qp(9), vanishing outside Bp, such that Ct ^ 0 a-nd satisfying 

\DC\+QGL^{Qp{9)). 
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For a measurable function u : Et R and /c € R set 

{u — k)± = {±(u — fc) A 0}. 


The singular, parabolic DeGiorgi class [DG\^{Et]^) is the collection of all 
measurable maps 

C'ioc((0,r);LL(£^)) nTL(0,T;i?Moc(i?)), (3.1) 

satisfying 


sup 

to—0p<t<to 



k)'^(^{x, t)dx 


+ / \\D{(u-k)±C){T)\\{.Bp{xo))dt 

J to—9p 



[(u - k)±\DC\ + {u 

[{xo,to)+Qpie)] 


k)'^^\(t\]dxdt+ 


+ / {u - k)^({x,to - 0p)dx 

JBpix,) 


(3.2) 


for all [{xo,to) + Qp{d)] C Et, all fc G R, and all ( G C{[{xo,to) + Qp{S)]), 
for a given positive constant 7 . The singular DeGiorgi classes [DG]{Et',j) are 
defined as [DG]{ET',"f) = [DG]^{Et',"j) D [DG]~{Et',j). 


3.1 The Main Result 

The main result of this note is that the necessary and sufficient condition of 
Theorem o holds for functions u G DG{Et]^) H L^^{Et)- Indeed, the proof 
of Theorem ll.il only uses the local integral inequalities (13.2p . In particular, the 
second of is not needed. 

Proposition 3.1 Letu in the functional classes mu, he a parabolic minimizer 
of the total variation flow in Et, in the sense of m, satisfying in addition 
U.2\) . Then u € DG{Et',2). 

The proof will be given in Appendix lAl 

Remark 3.1 Note that in the context of DG{Et) classes, the characteristic 
condition (IE3, holds with no further requirement that Ut G LISEt). The 
latter however is needed to cast a parabolic minimizer of the total variation 
flow into a DG{Et)-c\&ss as stated by Proposition 13.II 


4 A Singular Diffusion Equation 

Consider formally, the parabolic 1-Laplacian equation 

Ut — div (- -= 0 formally in Et- 

V \Du\y 


(4.1) 
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Let V be the class of all Lipschitz continuous, non-decreasing functions p(-) 
defined in R, with p' compactly supported. Denote hy C{Et) the class of all non¬ 
negative functions C defined in Et, such that ^ C'o(i?) for all t G (0,r), 

and 0 < Ct < oo in Et- A function u G C\oc{0,T; L^{E)^ is a local solution to 

(liTTI) if 


a. 


p{u) G Ll^{0,T;BViE)), for all p G V; 


b. there exists a vector valued function z G [L°°{Et)]^ with ||z||oo_£; < 1, 
such that Ut = divz in 'D'{Et)\ 

c. denoting by d{\\Dp{u — £)||) the measure in E generated by the total 
variation \\Dp{u — tj\\{E) 

[ ([ pis)ds]c{x,t 2 )dx+ f j C,d{\\D{p{u - t)\\)dt 

< J (^J p{s)dsjC{x,ti) dx - J p{s)dsjCtdxdt (4.2) 

rt2 


D(p{u — €}dxdt 


t\ J E 


for all G R, all p G V, all Q G C{Et) and all [ti,t 2 ] C (0,T). The notion 
is a local version of a global one introduced in [U Chapter 3]. Similar notions 
are in [niaiiin], associated with issues of existence for the Cauchy problem 
and boundary value problems associated with (BH). The notion of solution in 
[3] , called variational^ is different and closely related to the variational integrals 

mi)- 

Our results are local in nature and disengaged from any initial or boundary 
conditions. Let it be a local solution to 63) in the indicated sense, which in 
addition is locally bounded in Et- In (14.21) take £ = 0, and p±{u) = ±{u — k)±. 
Since u G L^^{Et) one verifies that p± G V. Standard calculations then yield 
that u is in the DeGiorgi classes [DG]^{E-,y), for some fixed 7 > 0. As a 
consequence, we have the following: 

Corollary 4.1 Let u G L^^{Et) be a local solution to in Et, in the 

sense (a)-(c) above. Then, u is continuous at some {Xo,to) G Et, if and only 
if 613) holds true. 


Acknowledgement. We thank the referee for the valuable comments. 


5 Proof of the Necessary Condition 

Let u G [DG]{Et',^) be continuous at {xo,to) G Et, which we may take as the 
origin of R^+^, and may assume ^(0,0) = 0. In (13.21) 4- for {u — fc)+, take 9 = 1 
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and k = 0. Let also ( G C{Q 2 p) be such that (,{■, —2p) = 0, such that ( = 1 on 
Q3„, and 

I^CI + G<-- 

p 

Repeat the same choices in (I3.2D _ for {u—k)-. Adding the resulting inequalities 
gives 

l7^ / \\D{uC){-,t)\\{B2p)dt<2^+^"fH {u + u^)dxdt. (5.1) 

IVpl J-2p J JQ2p 

Since the total variation ||Llw|| of a function w G BV can be seen as a measure 
(see, for example, m Chapter 1, § 1]), we have 

^j'j\D{uO{-M{Bp)dt<j^j'j\D{uO{-MiB2p)d^ 

on the other hand, uC = u in Qsp D Qp, and therefore we conclude 


P 

\Qp\ 


f \\Du{-,t)\\{Bp)dt < 2^^^j {u-\-u^^dxdt. 

J-p J JQ2p 


The right-hand side tends to zero as p —> 0, thereby implying the necessary 
condition of Theorem 11.11 ■ 


6 A DeGiorgi-Type Lemma 

For a fixed cylinder [( 2 /,s) -I- Q 2 p{d)] C Et, denote by p± and w, non-negative 
numbers such that 

u+> esssup u, U-< essinf u, w>u+ —u_. ( 6 . 1 ) 

[iy,s)+Q2pm [iv,3)+Q2pi9)] 

Let ^ G (0, be fixed and let 9 = 2^uj. This is an intrinsic cylinder in that 
its length Op depends on the oscillation of u within it. We assume momentarily 
that the indicated choice of parameters can be effected. 

Lemma 6.1 Let u belong to [DG\~ There exists a number v- depend¬ 

ing on N, and 7 only, such that if 

|[m < p- -f Cw] n [(y,s) -f Q2p{9)]\ < iy-\Q2p{9)\, ( 6 . 2 ) 

then 

a.e. in [(y, s)-I-Qp(0)]. (6.3) 

Likewise, if u belongs to [DG]'^(Et, "f), there exists a number depending on 
N, and 7 only, such that if 

\[u > p+- Cw] n [{y, s) Q2p{9)]\ < iy+\Q2p{0)\, (6.4) 

then 

u<p+-\iw a.e. in [(y, s) + Qp(0)] • (6.5) 
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Proof: We prove (I6.2D - (I6.3I) . the proof for (I6.4D - (I6.5D being similar. We may 
assume (y, s) = (0, 0) and for n = 0,1 ,..., set 

Pn ~ P 7^ 1 — ^Pn : Qn — Bn X ( Opn-, 0]. 

I''- 

Apply (I3.2I) _ over and Qn to {u — for the levels 


Ci = 


C 2 = 


I^Ci|< 


1 


2 n+l 


kn = P-+ inUJ where 

The cutoff function C is taken of the form C{x,t) = Ci{x)( 2 {t), where 
1 in Bn+i 

0 in R" - Bn 

0 for t < —Opn 

1 for t > -dpn+l 

Inequality (I3.2I) _ with these stipulations yields 


0 < C 2 .t < 


Pn Pn-\-l P 


X 2 ("+i) 

0{Pn - Pn+l) Op 


esssup f {u - kn)-({x,t)dx + f \\D{u - kn)-C\\iBn)dt 

■6pn<t<0 JB„ J-Bpru 


-Sp„<t<0J B, 

2 

<7- ^ , 

P \JJq 

< < kn] n Qn\- 

P 


{u — kn)-dxdt + - II {u — knY_dxdt 


By the embedding Proposition 4.1 of [71 Preliminaries] 

[[ [{u- kn)-C]~^dxdt < [ \\D[{u- kn)-C]\\{Bn)dt 

JjQn J-Spn 

X esssup / [{u — kn)-C{x,t)]‘^dx \ 

\-Spn<t<oJ Bn / 

Af + l 


< 7 ( —) I [u < fc„] n Qr. 


Estimate below 



^ , -^+2 

^)-Q~^dxdt > 


2"+2 


^•+2 

N 


I [ti < n Qn+1 1 


and set 


Yn 


\[U < kn] n Qn\ 

IQnl 
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Then 


F „+1 < 

where 

^ = 2^[37V+4]^ 

By Lemma 5.1 of [7l Preliminaries], {1^}—J-Oasn—>- 00 , provided 

The proof of (I6.4I) - (I6.5I) is almost identical. One starts from inequalities (I3.2l) j. 
written for the truncated functions 

{u - kn)+ with kn= H+ - 

for the same choice of ■ 

7 A Time Expansion of Positivity 

For a fixed cylinder 

[{y, s) + QtpiO)] = B 2 p{y) X (s, s + Op) C Et, 

denote by p,± and oj, non-negative numbers satisfying the analog of (16.11) . Let 
also ^ G (0,1) be a fixed parameter. The value of 0 will be determined by the 
proof; we momentarily assume that such a choice can be done. 

Lemma 7.1 Let u € [DG]~and assume that for some {y,s) G Et and 
some p > 0 

|[u(-,s) > p-+£,iE\r\Bp{y)\ > \\Bp{y)\. 

Then, there exist 5 and e in (0,1), depending only on N, 7 , and independent of 
such that 

|[u(-,t) > + efu}]n Bp{y) \ > ^\Bp\ for all t G (s, s + S{fuj)p]. 

Proof: Assume {y, s) = (0,0) and for fc > 0 and t > 0 set 

Ak,p{t) = [u{-,t) < fc] n Bp. 


The assumption implies 


|4l^_+«...p(0)| < (7.1) 

Write down inequalities (|3.2I1 _ for the truncated functions {u — {p- + foj))-, 
over the cylinder Bp x (0, Op], where 0 > 0 is to be chosen. The cutoff function 
^ is taken independent of t, non-negative, and such that 

C = 1 on and |HC| < —, 
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where cr € (0,1) is to be chosen. Discarding the non-negative term containing 
D{u — (/r_ -I- on the left-hand side, these inequalities yield 



{fi-+ ^u;))‘^{x,t)dx < / {u — + ^uj))^{x,0)dx 

JBp 

— [ [ {u — + ^uj))-dxdt 

<^P Jo Jb, 




rl 


r(ew)J 


\B„ 


for all t G (0, Op]^ where we have enforced (17.11) . The left-hand side is estimated 
below by 



{p- + ^uj)Y_{x,t)dx 


> / {u — {p-+ ^uj))'^_{x,t)dx 

•^B(l-cr)pn[u</i_+e{a;] 


where e G (0,1) is to be chosen. Next, estimate 


\-^fi-+e^uj,p{t)\ = \-^fj,_+e^uj,{l — a)p{t) U +e^cj,(l —cr)p ( 0 ) I 

^ —cr)p(0l T \^P ~ -^(1 —cr)p| 

^ |dlp_+eJ(.j,(l_cr)p(t)| + Na\Bp\. 


Combining these estimates gives 

1 


|^p-+egc.,pft)| < ^ / {u-{p-+^u})f_{x,t)dx + Na\Bp 


< 


1 


1 


3(l_o-)p 

7^ 


(l-e)2 L2 cr(5a;) 

Choose 6 = 5{^oj) and then set 


Na 


1 


16iV’ 


e < 


32’ 


\Bp\. 


5 = 


2877 V 


(7.2) 


This proves the lemma. 


8 Proof of the Sufficient Part of Theorem 11.11 

Having fixed (xo,to) G Et assume it coincides with the origin of and let 

p > 0 be so small that Qp C Et- Set 

p+ = ess sup u, p- = ess inf u, u) = p+ — p- = essoscu. 

Qp Qp Qp 
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Without loss of generality, we may assume that a; < 1 so that 
Qp{uj) = BpX (-wp, 0] C Qp C Et 


and 


essoscM < w. 


If u were not continuous at {xo,to), there would exist Po > 0 and uJo > 0, such 
that 


( 8 . 1 ) 


ujp = essoscu > LOo > 0 for all p < po- 


Let 5 be determined from the last of At the time level t = —Sujp, either 


[m(-, -6ujp) > P- + ^Uj] r\ Bp\ > ||Bp|, or 
[u{-,-Sujp) < p+- ^uj] r\Bp\ > ^\Bp\. 


Assuming the former holds, by Lemma [73] 

\[u{-,t) > +-^Uj] n Bp\ > j\Bp\ for all t G {-Sujp,0]. 

Let 2^ = -^6. Then 

\[u{-,t) > p- +2^uj\C\ Bp\> \\Bp\ for all f e (-^wp, 0]. (8.2) 

Next, apply the discrete isoperimetric inequality of Lemma 2.2 of [71 Prelimi¬ 
naries] to the function for t in the range (—^wp, 0], over the ball Bp, for 

the levels 

/c = p_ + and £ = p- + 2^w so that i — k = ^uj. 

This inequality is stated and proved in |7] for functions in Wy^l{E). It continues 
to hold for u G BV\oc{E), by virtue of the approximation procedure of [HI 
Theorem 1.17]. Taking also into account (18.21) this gives 


^Uj\[u{-,t) < p_ -h^w] nSpl < jp\\Du\\{[u{-,t) > k] r\Bp). 
Integrating in dt over the time interval (—^wp, 0], gives 



By the assumption, the right-hand side tends to zero as p \ 0. Hence, there 
exists p so small that 


[u < p- + n Qpi^uj) 


< l/_ 


Qp(^w) 
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where v- is the number claimed by Lemma |6.II for such choice of parameters. 
The Lemma then implies 

ess inf u> a_ + hEoo, 

2 ^ 

and hence 

essosc u <r]Lu where ry = 1 — € (0,1). 

Setting pi = gives 

Wpj = essoscM < Tjuj. 

Qpi 

Repeat now the same argument starting from the cylinder Qp^, and proceed 
recursively to generate a decreasing sequence of radii {pn} —t 0 such that 

Wo < essoscu < rf'u} for all n G N. ■ 


Appendix A Proof of Proposition 13.1 


The proof uses an approximation procedure of [2]. Observe first that the as¬ 
sumption ut G permits to cast (11.11) in the form 

\\Du{t)\\{E) <\\D{u + ip){t)\\{E) - f utifdx (A.l) 

J E 

for a.e. t G (0, T) for all 

ip G BV\oc{E) n L^^{E) with suppj;/?} C E. (A-.2) 

We only prove the estimate for (u — fc)+, the one for {u — k)_ being similar. Fix 
a cylinder 

[{Xo,to) + Qpid)] C Et. 

Up to a translation, assume that {xo, to) = (0,0) and fix a time t G {—Op, 0) for 
which 

/ \ut{x,t)\dx < oo, and u{-,t) € BV{E) D L°°{Bp). 

JBp 

The next approximation procedure is carried out for such t fixed and we write 
u{-,t) =u. By [21 Theorem 1.17], there exists {u^} C C°°{Bp) such that 


lim / \uj — u\dx = 0 and \\Du\\{E) = lim / \Duj\dx. (A.3) 

Test (lA.ll) with p = —({u — fc)+, where C € C{Qp{6)). This is an admissible 
choice, since u G BV{E) D L°°{Bp). Set pj = —({uj — fc)+ for j G N. For a 
given e > 0 there exists jo G N such that 


\Duj\dx < \\Du{-,t)\\{E) + -e for all j > jo- 


IE 
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Here we have used the second of (IA.3I) . By the first, {{uj + ^j)} {u + (p) in 
L^{E). Therefore, for any ■»/> G [C],{E)]^ with ||i/;|| < 1, 


/ {u + p) div xj) dx = lira / (uj + pj) div xp dx 
Je 1-*-°° Je 

< liminf / \D{uj + pj)\ dx. 

Je 

Taking the supremum over all such xp gives 

||T>(m + (/j)(t)||(iil) < liminf / \D{uj + pj)\dx. 

Je 

Therefore, up to redefining jo we may also assume that 

\Diuj + Pj)\dx > \\D{u + p)\\{E) - ie for all j > jo. 
Combining the preceding inequalities gives that 
\Duj\dx < \\Du{-,t)\\{E) + ie 

< \\D{u + p){-,t)\\{E) + J^uti-,t)pdx + ie (A.4) 

< / \D{uj + pj)\dx + / ut{-,t)pdx + e 

Je Je 

for all j > jo. Next, estimate the first integral on the right-hand side as, 

/ \D{uj + pj)\dx = / \D{uj - (^(uj - k)+)\dx 

JE JE 

< / \Duj — CE{uj — fc)+|c?x -I- / \D(j\{uj — k)+dx 

J E J E 

< / {1 — C)\Duj\ + (j\Duj — D{uj — k)^\dx + / \D(\{uj — k)^dx. 

Je Je 

Put this in (IA.4|) . and absorb the first integral on the right-hand side into the 
left-hand side, to obtain 

/ (j\D{uj — k)+\dx = / (j[\Duj\ — \Duj — D(uj — k)+\\dx 
Je Je 

— / \Dlj\{uj — k)+dx + / Ut{-,t)pd: 

Je Je 


X + e. 


From this 


/ — k)j^)\dx < 2 / \D(j\{uj — k)j^dx + / Ut{-Tt)pdx + e. 

J E J E J E 
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Next let j —>■ c», using the lower semicontinuity of the total variation with 
respect to L^-convergence. This gives 


ll^(C('« - fc)+)||(Bp) < liminf f \D{C{uj - k)+)\dx 

Je 

< lim 2 / \D(\{uj — k)+dx + / Utipdx + e 
j^ca J ^ 

= 2 / \DC,\{u — k)+dx + / Utipdx + e. 

Je J e 

Finally let e —>■ 0 and use the definition of (p to get 

\\D{({u-k)+)\\{Bp) <2 f \D(\{u-k)+dx - [ Cut{u-k)+dx. 

JBp JSp 

To conclude the proof, integrate in dt over {—Op, 0). 


Appendix B Boundedness of Minimizers 


Proposition B.l Let u : Et —>■ M 6e a parabolic minimizer of the total varia¬ 
tion flow in the sense of E 2 P. Furthermore, assume that u € for some 

r > N, and that it can be constructed as the limit in Llp^flEx) of a sequence of 
parabolic minimizers satisfying mw- Then, there exists a positive constant 7 
depending only upon N, 7, r, such that 


sup < 7 

o(y)x[s,t] 


\t — sJ {t — s) J 2s-t J Bip{y) ' 


t—S 

+ 7- 

P 


(B.l) 


for all cylinders 


B 4 p{y) X [s - {t - s),s {t - s)] C Et- 

The constant ■j{N, 7, r) —^ 00 as either r — >■ N, or r —>■ 00. 

Remark B.l It is not required that the approximations to u satisfy uni¬ 
formly. The latter is only needed to cast a function satisfying (ED into a 
DeGiorgi class. The proof of the proposition only uses such a membership, and 
turns such a qualitative, non-uniform information into the quantitative informa¬ 
tion (jB.lj) . 

Proof (of Proposition lB.il) . Let {uj} be a sequence of approximating functions 
to u. Since uj satisfy dOD, they belong to the classes [DG]{Et', 2), by Proposi- 
tion l3.ll It will suffice to establish dED for such Uj for a constant 7 independent 
of j. Thus in the calculations below we drop the suffix j from Uj. The proof 
will be given for non-negative u G [DG]~^{Et',2), the proof for the remaining 
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case being identical; it is very similar to the proof of Proposition A.2.1 given in 
[21 § A.2]. Assume (y, s) = (0, 0) and for fixed a G (0, 1 ) and n = 0 , 1, 2 ,. . . set 

I — a 1 — a 

Pn = crp+ —i^P, tn = -crt - —t, 

Qn — ^ 

This is a family of nested and shrinking cylinders with common “vertex” at 
( 0 ,t), and by construction 

Qo = BpX{-t,t) and Q^o = B„p x 

We have assumed that u can be constructed as the limit in L\^^{Et) of a se¬ 
quence of bounded parabolic minimizers. By working with such approximations, 
we may assume that u is qualitatively locally bounded. Therefore, set 


M = esssupmaxju, 0}, = esssupmax{M, 0}. 

Qo Qoo 

We first find a relationship between M and Mg-. Denote by C a non-negative, 
piecewise smooth cutoff function in Qn that equals one on Qn+i, and has the 
form where 



[J 

in 

in 

Bn+l 

-Bn 

\DCi\ 

2"+i 

- (l-cr)p 

C2 = ] 

f 0 

for 

t<tn 

0 < C2. 

2"+i 


for 

t ^ ^n+1 

lA 

1 


introduce the increasing sequence of levels kn = k — 2 "fc, where /c > 0 is to be 
chosen, and in (13.211 j-. take such a test function, to get 


sup [ [{u-kn+l) + Cf{x,T)dx+ f \\D[{u- kn+l) + C]{-,T)\\{Bn)dT 

Jtn 


< 

+ 


72" 

(1 -cr)p 
72" 

(1 - a)t, 



Q: 


■fc„+i)+ dx dr 

kn+i)\dx dr. 


(B.2) 


Estimate 



kn+i)+dxdT < 7 

kn+i)XdxdT < 7 


2^n{i — 1 ) 

2^n{r—2) 

/ c "-2 



knY^dx dr, 


knY^dx dr. 
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Taking these estimates into account yields 


sup f [{u-kn+l) + C]'^ix,T)dx+ f \\D[{u- kn+l) + C](-,T)\\{Bn)dT 
tn<T<tJBn 

r /f \ ^ 1 P P 


Assuming that k > -, this implies 
P 


sup [ [{u-kn+i)+Cfix,T)dx+ [ \\D[{u- kn+i) +(]{■, t)\\ {Bn) dr 
n<'r<tJB„ Jtn 

^ ■// '^n) + dxdT. 


< 


(1 — a)t fc’’ 


Set 


= 


IQ. 


■ ff {u — knYj^dxdr 

'J Qrt. 


and estimate 


where q Applying the embedding Proposition 4.1 of [3 Preliminaries], 

the previous inequality can be rewritten as 


Yn+i < I|mC.q„(|^ {u - kn+i)ldx dry 


Yn+l < 


^ii“ir=.:Q.(i) 


1 




-Tr 


AT + l ^ ^ ’ 


where 6 = 2’’ w . Apply Lemma 5.1 of [7l Preliminaries], and conclude that 
F„ —>■ 0 as n —>• +oo, provided k is chosen to satisfy 

u'd^dr = 1(1 - 

which yields 


(1 - cr) 


yjJc 


Qo 


(r-2)(JV + l) 


The proof is concluded by the interpolation Lemma 5.2 of (T) Preliminaries]. 
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